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AA HL Practice Set 1 Paper 1 Solution

(b)

(@)

(b)

The mean
300

T 15
=20

i) 40

(i) The new variance

= (-2)*(9)
=36

(i) 6

The gradient of L,
- 32-0

" 24-8

=2

The equation of L, :
y—0=2(x-8)
y=2x-16
2x—-y-16=0

SE Production Limited

(M1) for valid approach
Al

Al

(M1) for valid approach
Al

Al

(M1) for valid approach

Al

Al

(M1) for valid approach

Al

[2]

[4]

[3]

[2]



@) L.H.S.
=(2n+1)° +(2n+3)* +(2n+5)°
=4n® +4n+1+4n* +12n+9+4n° +20n+ 25
=12n? +36n+35
=12n* +36n+33+2
=3(4n° +12n+11) + 2
=R.H.S.

(b)

odd numbers.

(2n+1)% +(2n+3)* +(2n+5)°

=3(4n* +12n+11) + 2

Also 3(4n” +12n+11) is a multiple of 3.

Thus, the sum of the squares of any three
consecutive odd numbers is greater than a

multiple of 3 by 2.

f(x)=px®+gx° —2x+1
f'(x) = p(3x*) +q(2x) - 2(1) +0
f'(X) =3px* +20x -2

, 1
f (1)=—1+—E
~3p()%+2q(1)-2=15
3p+2q=17
2q=17-3p
f 4D =2
S (=41
p(2)* +q(2)* —2(2) +1=41
8p+49-3=41
~8p+2(17-3p)-3=41
8p+34-6p-3=41
2p=10
p=>5

17-3(5)
177

q=1
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2n+1, 2n+3 and 2n+5 are three consecutive

M1Al

M1

AG
[3]

R1

Al

R1

AG
[3]

(A1) for correct derivatives

(M1) for setting equation

Al

(M1) for valid approach
Al

(M1) for substitution

Al

Al
[8]



(@)

(b)

(@)

(b)

_37-(-9)
2

a

a=21
b 27
2(11-2)

b==
9

_ 37+(-5)
2

d
d=16
i) = 21sin%(t +2.5)+16

The coordinates of P’
=(3(2)+17,37+8)
= (23, 45)

g(x)
=3f(x-1)

=3(4(x-1)* +3(x-1)*-1)

=3(4(x* —4x> +6X* —4x+1) +3(x* —2x+1) -1)
=3(4x" —16X° +24x* —16X +4+3x* —6x+3-1)
=3(4x* —16x° + 27x* — 22X +6)

=12x" - 48x* +81x* —66x +18

The sum of the roots
—48
12

=4
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M1

Al
M1

Al

M1

AG

Al
Al

(A1) for substitution
M1A1l
M1

Al

M1

Al

[5]

[2]

[5]

[2]



1+ f(x) <[]

2|x’ -5|x* ~37
1+ <|x|
|X|+37
2|x* ~5|x|" —37
|x|+37

<|x/-1

2|x|3 —5|x|2 —37 < (|X|-1)(x|+37)
2|x° ~5|x" =37 <|x|" +36|x —37
2|x* ~6|x" ~36|x| <0
2|x|(|x" ~3/x ~18) <0

X ~3|x|-18<0

(X +3)(|x|-6)<0

~.0<|X<6

S1<x<6
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M1

(A1) for correct inequality

M1

Al

Al
[5]



When n=2,

chs-[)

LHS.=1
RHS. - 2(2+1)(2-1)

RHS.=1

Thus, the statement is true when n=2.
Assume that the statement is true when n=Kk.

(2}(3]*'*(1(} _k(k+1)(k-2)
2) (2 2 6

When n=k +1,

o)l

k(k+1)(k-1) {k +1j
6 2

_k(k+D)(k=1) _ (k+D(K)
6 2

_ k(k+D(k=D) | 3k(k+)
6 6

SIS P

_k(k+D)(k+2)
6
C(k+D((k+D)+D((k+D)-1)
6
Thus, the statement is true when n=k +1.

Therefore, the statement is true forall neZ", n>2.

SE Production Limited

R1
M1

M1Al

Al

Al

R1
[7]



(@)

(b)

1
Ia 21 es‘xdx=1
1e -1 2
a
{_ 21 e =E
e -1 2

2
a:?,—ln(e +1]
2

2
Thus, the median is 3—In[e ;1]
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Al

Al

Al

M1

Al

AG

[1]

[4]



10.

(@)

(c)

(i) {y:0<y<l,yeR}

(i)  flo=1
scostx=1
cos’ x =—1 (Rejected) or cos’ x =1
cosx=—1or cosx=1
x=mx or x=0, x=2x
Thus, there are 3 solutions.

f'(x) = (4cos’ x)(—sin x)

f'(x) =—4sinxcos’ x

The total area of the regions
= jo” (cos* x)(2sin x)dx

Letu=cosx
d_” =—sinx = (—1)du = sin xdx
dx

x=mw=u=cosxwz=-1

x=0=u=cos0=1

= _[ 1_] —2u’du
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A2

(M1) for valid approach
(A1) for correct values
A1

[5]

(A1) for chain rule
A1
[2]

(A1) for definite integral

(A1) for substitution

M1A1

A1

(M1) for substitution

A1
[7]



11.

(b)

(@)

Y _ho-(y+1)
dx

Ldy sin xdx
y+1

I—dy '[sin Xdx

Inly+1=-cosx+C

y+1= e—cosx+c
y — e—cosx+C _1
0 — e—cosO+C -1
1= e—1+C
-1+C=0
C=1

y — el—cosx _1

ﬂ:h(x) 1= (h00) - (y+D)
= sinxy1—sinx-(y+1)

dy
dx
dy .
—=sinxcosx-(y+1)
X

dy _sin2x-(y+1)

dx 2

a_ lsin2x yzisinZX
dx \2 2

The integrating factor

_ I—%siandx

1COSZX
4

(M1) for valid approach

(A1) for correct approach

Al

(M1) for valid approach
Al
(M1) for substitution

(A1) for correct value
Al

[8]

Al

Al

M1

Al

1 0s2x 1052 L cos2x

dx
1 1
x dy 1ye4 ’ sin2x=1e4 “sin2x
dx 2 2
1 1
d ye* i =£e4 “sin2x
dx 2

2x .
sin 2xdx

L cosax 1 1
e4 — _e4
y I5

Let u =%c052x.

SE Production Limited

Al

M1



du

dx
1cost u
yet = I—e du
1cost u
ye4 =—e +C
écost 1cost
yet  =-e
—ECOSZX
y=Ce* -1
1
—=c0s2(0)
0=Ce * -1
1
1=Ce 4
1
C=e*
%—%coszx 1
y=e -
1—1(1—25in2 X)
y=e*4 -1
Lain2x
y=e2 -1

- - % (-sin2x)(2) = (-Ddu = %siandx

SE Production Limited

Al

Al

M1

Al

Al

AG
[12]



12.

(@)

(b)

(€)

z2°+1=0
25 =-1
7% =cosz+isinz

(7Z'+2k7l'] .. (ﬂ+2k7rj
Z =CO0S 5 +1SIN 5

(k=0,1,2,34,5)

T .. T T .. T
Z=C0S—+isin—, z=cos—+isin—,
6 6 2 2

5z .. 5«x I .. In
Z=C0S—+IiSin— , Z=C0S— +isSin—,
6 6 6 6

3r .. 37 1z .. 1z
Z=C0S—+ISIN— or Z=C0S——+ISIn——
2 2 6 6

2°+1

=28 -7+ +7" 7" +1
=722 -7 +)+ (2" -7* +))
= (22 +1) (2" -7° +))

7' —7°+1=0

2°+1

——=0, where z*#-1
2°+1

Z= cos£+isinz, z=cosZ +isinZ (Rejected),
6 6 2 2

Iz

50 . . 5« i . .
Z:COS?+ISIH— Z:COS—+ISIH?,

z= cos%ﬂ +isin 37” (Rejected) or

117 .. 11x

Z=C00S— +isin=—
6 6

(i) (z-p)(z-09)=0
2’ —(p+0)z+pg=0
p+q=A+A+ A"+ 2°
p+q=2+A+2°(-D)+ 23D
p+q=A°+1-2"-1°

p+q=4-21°

-1
+Q=A-—
P+q )

SE Production Limited

Al

M1

A2

M1

Al

M1

Al

M1

M1

M1

[4]

[4]

10



(ii)

1
+0=4A+—
pP+q J)

L p+q=+3

pg = (A2 + (A" +2%)
pq = A + A2 + A2 1 40
pq=A*(1) +1+1+ A% (=)
pq=A"-A*+2
pg=A*—(A*-1)+2
pg=3
~22-J32+3=0

(z-(2p))(z-(29)) =0

2 —(2p+29)z+(2p)(29) =0
2> -2(p+q)z+4pg=0

22 -2\J37+4(3)=0

22 -23z+12=0

SE Production Limited

Al

M1
M1

Al
Al

M1

Al

M1
Al

[12]
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AA HL Practice Set 1 Paper 2 Solution

1.

(@)

(b)

()

y=3X+7
=>Xx=3y+7
y=x-7

y_x—?
3

=22t

(feg)(¥)
=39(X)+7
=3(2Jx)+7
=6JX +7

(f -9)(529)

=64529 +7

=145

-7
3

SE Production Limited

(A1) for correct approach

Al
[2]

(A1) for substitution

Al
[2]

(M1) for substitution
Al
[2]



(@)

(b)

(@)

(b)

(©)

The volume

=l72'r2h
3

= % 7(18)%(18)

=6107.256119
=6110

=6.11x10° cm?®

V= 27(E7Z'R3j
3

16(6107.256119) =187zR*
R®=1728

R=12

The ratio

=18:12

=3:2

54
f =—
4.5
r=1.2

 45(1.22-1)

12 1.2-1
S, =178.1122601

s, =178

u, <678

45.1.2""' <678

45.1.2""-678<0

By considering the graph of y=4.5-1.2""-678,
n < 28.50673.

Thus, the greatest value of n is 28.

SE Production Limited

(M1) for valid approach

(A1) for correct value

Al
[3]
(M1) for setting equation

(A1) for substitution

Al

Al
[4]

(M1) for valid approach

Al
[2]

(A1) for substitution

Al
[2]

(M1) for valid approach

Al
Al

[3]



(@)

(b)

(@)

(b)

20R,-17P, =0
- 20(Pe“™)~17P, =0
20e* -17=0

e“=0.85
k=1In0.85

e(InO.SS)t <05
(In0.85)t<In0.5
(In0.85)t-In0.5<0

By considering the graph of
y=(In0.85)t—In0.5, t>4.2650243.

Thus, the least number of whole years is 43.

AB? =r? 41> —2(r)(r) cos 2
AB? =2r? —2r% cos 2a

AB =+/2r2 —2r2 cos 2
AB:\/zrz(l—cos 2a)

AB =r,/2(1—cos 22)

The arc length ACB
=(N(2a)

=2ra

P

=2ra+ ra/2(1—cos 2x)

= 2ra +1yJ2(1- (1-2sin’ @)

= 2ra +142(2sin? @)
=2ra +ry4sin? «

=2ra+2rsina
=2r(a+sina)

SE Production Limited

Al

M1
AG

[2]

(A1) for correct inequality

(A1) for correct approach

Al

(M1) for valid approach
Al
[5]

Al

Al

AG
[2]

Al

M1
Al
Al

Al
AG

[5]



By using row operations, the system

10 2|2
1 3 21 8| 8
: 9 3
5 7 1 |2]|isreducedto |0 1 s |3
32 24 -17|5 00 o0 0
+-2=—
y 8 8
;3.9
8 8
11 1
X——=1=—=
8 8
1 11
=—— 4 —
8 8
Let z=t.
8 8 8 8
Thus, the vector equation of the line of intersection is
AN
8 8
r= 3 +1 9 .
8 8
0 1

SE Production Limited

(M1) for valid approach

Al

Al

A2

[5]



1-X

a
@ 1+ax
=1-x)1+ax)™
=(1-x) (1+ (-D(ax) + (_1)2(|_2) (ax)? +-- ) M1A1
=(1-x)(l-ax+a’x*+---)
=l-ax+a’x’ —x+ax’ —a’x> +---
=1+(—a-1)x+(@*+a)x>+--- Al
[3]
(b) 0] 1+(@*+a)=21 (A1) for correct equation
a®+a-20=0
(a+5)(a—4)=0
a=-5 (Rejected) or a=4 Al
(i) -5 Al
[3]
@) For correct shape Al
For correct asymptote Al
For correct intercepts Al
[3]
e y
1 A
Z . 4
| y=2e* cot(x—0.5)
2
3 S~ 107 .
\\ F 2 _N ol
| \
x=05-7 \
-3.66
(b) 0.0442 <k <3.66 A2

[2]
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y=4"

log, y =—X
x=-log, y
y=4"
y=1

1
—log, y =——(y —24)?
9,y 32” )

1
§§W—Z®2—mmy=0

By considering the graph of x= 3—12(y—24)2 —log, vy,

y=16.
1
0=——(y—24)*
32” )

0=(y—24)*
y=24
The area of R

16 rZE 2
=—[/ (-log, y)dy— [ = (y—24)’dy

= 26.51312053
=26.5

SE Production Limited

(Al) for correct approach

(A1) for correct value

(M1) for setting equation

(A1) for correct value

(A1) for correct value

Al

Al
[7]



10. (a) The required probability

=P(T <24) (M1) for valid approach
=0.9452007106
=0.945 Al

[2]
(b)  P(U <48)=0.99494

P(Z < 48;’“} =0.99494 (M1) for standardization

487_“ = 2.571701859 Al

48— 1 =18.00191301

1 =29.99808699

1 =30.0 Al

[3]

(c) The required probability

=P(U <36) R1

=0.8043925789 Al

Thus, for all school buses departing at

8:24 am, 80.439% of them will arrive at

school on time. AG
[2]
(d)  The required probability
=1-P(T <12)P(U <48)
—P(12<T <24)P(U <36)
=1-(0.2118553337)(0.99494)
—(0.7333453769)(0.80439)

= 0.1993209666
=0.199 Al

M1Al

(A2) for correct values

[5]

(e)  The expected number

=(20)(0.1993209666) (A1) for correct formula
=3.986419331
=3.99 Al

[2]
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11. (a)

Let n, and n, be the normal vectors of the

planes 7, and =, respectively.

4 4
n={31(,n,=-3
k K
-3
n,xn,=p41 0
1

3)(k) = (K)(=3) -3
(k)@ -4 k) (=p| 0
(4)(=3)-(3)(4) 1

constant.
6k -3
0 |=p]0
—24 1
6k -3
24 1
k=12

() a=6,b=8,c=2, a=-6

(i) Let O be the origin.
The volume of the pyramid A’ABC

! ( (A'A)(os)j 00)
3 2

_1 ( (6- (_6»(8)j o
3 2

=32

SE Production Limited

, Where f is a

(Al) for correct values

(A1) for substitution

Al

Al

[4]
Ad

(M1) for valid approach

Al

Al
[7]



(€)

(d)

)  AC =—6i—2k
AC' (—i) = ‘AE"H cosC'AA’
(=6i — 2K)- (~i)
= (y(-6)* +(~2)*)(1) cos C'AA’

(=6)(=1) + (=2)(0) = /40 cosC'AA’

cosC'AA =&

N/

C'AA’ =18.43494882°

(M1) for valid approach

(A1) for substitution

C'AA’ =18.4° Al

iy ~CA=CA
- .C'A'A =18.43494882°
AC'A’ +18.43494882° +18.43494882° =180°
AC'A’ =143.1301024°

(A1) for correct approach

AC'A' =143 Al

The vector equation of L:
0 4

r=/0|[+s| 3
2 12

X=4s

[5]

y=3s (A1) for correct approach

72=2+12s

. 4(4s)—3(3s) +12(2+125) =24 (A1) for substitution

1515 = 48
_48
151

=4[ — 28 - 1271523179
151

2412~ 48\ 1814569536
151

Thus, the coordinates of Q are

48
=3 =% | = _0.9536423841
y ( 151} M1

(-1.2715,-0.9536, —1.8146) . Al

SE Production Limited
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12.

@ 0

(ii)

f’(x):( 21

f (X)—
x* +1
£7(x) = (x> +1)(2) — (2x)(2x)
(x*+1)°
2X% +2—4x°
(x? +1)°
2-2x°
(x> +1)°
(x> +1)*(-4x)
—(2-2x2)(2)(x* +1)(2x)
(x> +1)*
4x® —4x—8x+8x°
(x> +1)°
-12x
(x* +1)°

j(2x>

f7(x) =

f(x) =

O (x) =

FO(x)=—

f@()_

f(x) = f(0)+ xf'(0) + f "(0)

o X to0)+ f<4> 0)+-

In(a2 2(0)
f(x)=In(0°+1) + X(OZ +J

+_(2 2(0)° ]_(Mj
0°+D* ) 6| (0°+1)°
+x_4(_12(04—6(0)2+1)j+___

24 (0% +1)°

2

f(x)=0+x(0)+x?(2)

3 X4

X
+E(O)+ﬂ(_12)+m

1
f(X)=x"==x"+--
(x) >

SE Production Limited

Al

(M1) for valid approach

Al

(M1) for valid approach

Al

M2

A2

Al

[10]

10



(b)

(c)

) X3
SINX=X———+---
3!

In((x2 +1)Si“X)

=sinxIn(x* +1)

3
= X_X_+... (Xz_lx“_,_...j
6 2

The approximate value of the volume

13 2 in ?
_ 0l77z(y,/ln((y +1)° y)) dy
= I:jﬁyz In((y2 +1)°" ) dy

1.3

2
~ ﬂyz(y3—§y5jdy

0.7
N 13 s 2 -
~ 0.7”(y —3Y de

~ 0.3452245902
~0.345

SE Production Limited

(A1) for correct approach

M1A1l

(M1) for valid approach

Al
[5]

(M1) for valid approach

Al

(M1) for valid approach

Al
[4]

11



AA HL Practice Set 1 Paper 3 Solution

2r
@ () 3
i A
= (1)° —3(% (D)% sin 2?7[)
=ﬂ—3(lsin2—ﬁj
2 3
3. 2«
=7r——Sin—
2 3
3(2% . Zﬂj
=—| —-—sin—
2\ 3 3
[1 j(Zﬂ .ZnJ
= —+1| ——-sin—
2 3 3
. T
(b) () 3
. 1.«
(i) Esm§
(i) A
=7z(1)2—13in2—”—4(13inzj
2 3 2 3

1. 2x . T
=7 ——SIn— —28In—
2 3 3

r 1. 27 2« . TT
=———SINn—+—-2sin—
3 2 3 3 3

1(27 . 2« T . T
=—| ——-Sin— [+ 2| ——sin—
2( 3 3] (3 3)

SE Production Limited

Al

M1Al

Al

AG

[4]
Al

Al

M1A1l

M1

AG

[5]



(ii)

(ii)

Q,0Q
3
2
9
A
=7r(1)2—lsin2—”—6 Esin2—7Z
2 3 2 9
27 2
= ——=Sin——3sin—
3 9
r 1 2r 27 27
=———Sin—+—-3sin—
3 2 3
1(2r . 2« 2
=—| ——-Sin— [+ 3| ——sin—
20 3 3 9
A,
=7r(1)2—13in2—7z—2n Esin =Zn
2 3 2 3
1. 2x . 2
=7 —=sin——nsin=—
2 3 3n
T 1. 2n 2x . 27
= —Zsin=—+—"——nsin=—
3 2 3 3 3n
1(2r . 2« 2
==| == —sin== [+n| == —-sin=—
20 3 3 3n
f(n)zz—ﬂ—smz—ﬂ
n 3n

f (n) represents the double of the area
of the segment of the sector POQ, .

SE Production Limited

)

27

(M1) for valid approach

Al

M1A1l

M1
Al

[6]

M1A1l

M1

Al

Al

Al
[6]



(€)

(f)

lim f (n)

n—oo

] (27[ . 27[]
=lim| =——-sin—
n—o\ 3N 3n

27.. 1 .. . 2«
=—lim=—=limsin—

3 oo now 3n

27.. 1 . (27, 1
=—lim=—=sin| —Ilim=

3 noon 3 noeon
27 . (27
=—(0)—sin| — (O
3 (0) ( 3 ( )j
=0
0] §(2—7[—sin2—7zj
2\ 3 3
(i) The maximum possible value of v
=limA,
=lim l(z—ﬁ—sinz—” +n-f(n)
noo| 21 3 3

1(27 . 2x
=—| ——sin—=—
2( 3 3)

SE Production Limited

M1

Al

A2

M1

Al

2]

[4]



(@)

(i)

W —w+1=0

we D= VD -4@)@)

2(1)

SE Production Limited

(A1) for substitution

A2



(ii)

u*—u?+1=0
(U*)?-u®+1=0 M1

2 T .. T
u” =CosS—+ISIn— or
3 3

4+ 27k z+27zk
U = CosS +isin 3 or
——+ 27k ——+27k
U =cos -3 +isin
2
(k=0,1) Al

T .. T T .. Irx
U=C0S—+iSin—, U=Cc0S— +isin —,
6 6 6

6
T .. T
u=cos| —= |+isin| —— | or
( 6j ( 6)

u:coss—ﬂ+isin5—ﬂ A2
6 6

Thus, the required roots are

COS| —— |+IsIin| —— |, cos—+Iisin— and
[5)rn(-5) o oo

cos5—”+isin5—ﬂ. AG
6 6

SE Production Limited



(iif)

22" —72"+1=0
(z")*-2"+1=0

N T T
2" =cos—+isin— or
3 3

E+272'k 4+ 27k
Z =C0S 3 +isin or
n n
-T2k ——+27k
Z =CO0S -3 +isin
n n
(k=0,1,2,---,n-1)) Al
T 2r .. (T 2rm
z=c0S| — +—K [+isin| —+—k | or
3n n 3n n
T 27 .. T 27
z=c0S| ——+—Kk |+isin| ——+—Kk
3n n 3n n
(k=0,1,2,---,n-1))
7+6zk .. 7+6xk
Z =CO0S +isin
3n 3n
—r+6rk .. —m+6xk
Z=C0S———M+isin————
3n 3n
(k=0,1,2,---,n-1)) Al

Thus, the required roots are
T .. T Vi .. T
COS| —— |+isin| —— |, cOS—+isin—,
( 3nj ( BnJ 3n 3n

S .. bx T~ .. Irx
COS— +isin— , cOS— +isin—, ---

3n 3n 3n 3n
oS (6n—7)z +isin (6n-nz and
3n 3n
coswﬂsinw. A3
3n 3n

[12]

SE Production Limited



(i) (z—(cos 0 +isin®))(z —(cos(—6) +isin(-0)))
= (z—cosf —1isin@)(z —cos @ +isinH)

=272 —zcos@+izsinf —zcos @ +cos’ O

M1
—isin@cos @ —izsin@ +isin@ cos @ +sin” 9
=z —2zcosO+1 A1

(i) ut—u’ +1
T
= cos—+1sm—
(oo vion)
/4

u— cos( j+1sm( ng

M1A1

Y/

et

:(uz —2u cos%+lj(u2 —2u 0055%+1J AG

(i)  The roots of the equation z° -z’ +1=0

/A T . S . Y4
are cis—, cis| —— |, cis—, cis| — |,
9 ( 9j 9 ( 9)

cis%z and cis(—%[j. (A1) for correct values

-2 +1

. ) T Y/ 4
=|z—cis— || z—cis| —— | || z—cis—
oy a5 )=o)
z—cis(—s—ﬂ) (z—cis7—7zj A1
9 9
) T
z—Cls| ——
o)
) V4 ) Sr
:(z —2zcos—+lj(z —2zcos—+1]
9 9
(zz -2z cos%[+1j

A1

SE Production Limited



(c)

(iv) z"-z"+1=0

:(22 —chos£+1] z° —22c055—”+1
3n 3n

z° —22cos7—7[+1j-~
3n

7’ -2z cos(ﬁ—S—ﬂjﬂj
3n

722 -2z cos(n—i]ﬂj
3n

ut —u? +1:[u2 —2u cos%+lj[u2 —2u cos%rﬂ]

A2

[9]

When u =i,
i“—iz+l:(i2—2icos%+l)(i2—2icos%[+lj M1

1-(-1)+1= [—1—2i cos%+1j[—l—2icos%r+lj Al

3= (—Zi cosS Zj[—Zi cosS 5—”j
6 6

3=4i2cos£cos5—7Z Al
6 6

3=—4cos£c055—”
6 6

coszcoss—ﬂz—§ AG
6 4

[3]

SE Production Limited



(d)

2 —723+1= (22 —2z cos%+1j[z2 —2z cos%ﬂ)

(zz -2z cos7—”+1j
9
When z =i,
i°—i*+1= (iz —2i cos%+1j[i2 —2ic035§+1j

(M1) for valid approach
(iz —2i cos7—”+1j
9

—1—(—i)+1=[—1—2icos%+1j

c . Al
(—1— 2i cos—”+1)(—1—2i cos—”+1j
9 9
i= (—Zi cos Zj(—Zi cos 5—”](—2i coS 7—”)
9 9 9
i =-8i° coszcoss—”cosz Al
. T 5r 1
I =8i cos—Cc0S— Cc0S —
9 9 9
coszcoss—”cosz _1 Al
9 9 9 8

[4]
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AA HL Practice Set 2 Paper 1 Solution

1.

(@)

(b)

(©)

(i) 7
() 1

(fog)(x)
=(9(x))*

= (3-4x)?
=9 24x+16x°

y =3-4X
= Xx=3-4y
4y =3-X
3-X
4

Loy 3—X
g (x)_—4

y:

SE Production Limited

Al

Al
[2]

(A1) for substitution

Al
[2]

(A1) for correct approach

Al

[2]



(@)

(b)

R.H.S.
1x49 2x7 5
1x49 7x7 49
_49+14+5

_4—9

=20
. 68

49

L.H.S.
2 5
_+_
7 49

R.H.S.

_1><(m+2)2 2x(m+2)

5

C1x(Mm+2)?
_(m?+4m+4)+(2m+4) +5

(m+2)°
_m*+6m+9+4

(m+2)°

_(m+3)*+4
(m+2)°

=L.H.S.

5

2
(m+3) 42-4 14 2
(m+2)

P(2)=0

a(2)’ +b(2)* -10(2) +24 =0
4b=-4-8a

b=-1-2a

P(-3)=0

a(-3)> +b(-3)* -10(-3) +24 =0
—27a+90+30+24=0
s.—27a+9(-1-2a)+30+24=0
—27a—-9-18a+30+24=0
—45a =-45

a=1
b=-1-2(1)
b=-3

m+2 (m+2)?

(m+2)><(m+2)+(m+2)2

for m=-2

SE Production Limited

M1

Al

AG
[2]

M1

M1Al

AG

[3]

(M1) for factor theorem

Al

(M1) for substitution

Al

Al
[5]



(@  The discriminant of f(x)
=h? —4ac

=(8—p)2—4(1+2p—gp2j<—2)

=64-16p+ p>+8+16p—3p°
=72-2p°

(b) f(x) =0 has two equal roots
S72-2p° =0
2p* =72
p® =36
p=-6or p=6

() p=6

1+2(6)—g(6)2jx2 +(8-6)x—2=0

N| b~ -~ ~

x*+2x-2=0

x> —4x+4=0
(x-2)*=0
X=2

9log,, (x+1) =1+log, (3+ X+ x*)

Slog,(x+1) _ log, 3+log, (3+ X+ x*)
log, 27
w =log, 3(3+ x+ X*)

3log,(x+1) = log, 3(3+ X+ X°)
log,(x+1)° = log, 3(3+ X+ X?)
S (X+D? =3B+ x+x%)

X2 +3x* +3x+1=9+3x+3x°

x* =8

x=3/8

X=2

SE Production Limited

M1A1l

Al
AG
[3]

(M1) for setting equation

A2
[3]

(M1) for setting equation

Al
[2]

(M1)(A1) for change of base

(A1) for correct approach

Al
M1

Al

Al
[7]



(@)

(b)

(©)

(e 20cos’ &

 30c0s’ &
2
r=<cos’a
3
4
Tial—rx
3

4
5.COST <COSax < COS§7Z'

1
-1<cosa<——

1SCoszoz£1

4

1.2 , 2

Z<Zcosta<=

6 3 3

1 2

“<r<=

6 3

5. 3020052a
1-Zcos’ a

3

5. 30C082a2
sin® o +co0s* @ — = cos® a

s - 30cos’ a

* =2 1 2
sin a+§COSa

S
tan®a + =
90
 3tana+1

SE Production Limited

(M1) for valid approach

Al

[2]

(M1) for valid approach

Al

2]

Al

M1

Al

Al

AG
[4]



When n=1,
L.H.S.=1?
L.H.S.=1

R.H.S. =%(1)3

R.H.S.=ﬂ
3

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.
1 +2%+...+k? S%k3
When n=k +1,
P+2°+.. . +k* +(k+1)?

s%k3 +(k+1)*

AP +3(K? + 2k +1)

- 3

4k +3k* +6k+3

- 3

_4K°+12k* +12k +4
3

4K +3K +3Kk +1)
3

4
=—(k+1)?
3( )

Thus, the statement is true when n=k +1.
Therefore, the statement is true for all neZ".

SE Production Limited

R1
M1

M1Al

Al

Al

R1
[7]



1—e*

lim
x—>01—Sec X
x>0 —gec X tan X 0

: 2xe
=lim————
x-0 sec X tan X
i @)+ (@0 )2 (Oj
x>0 (sec X tan x)(tan x) + (sec x)(sec” X)

0

: 2e° +4x2%e~
=lim 5 3
x-0 sec X tan? x +sec® x
26 +4(0)%€°
secOtan®0+sec®0
~2+0
0+1
=2

SE Production Limited

M1A2

A2

M1

Al

Al

Al

Al

M1

Al

AG

[7]

[1]

[4]



10.

(@)

(b)

(©)

(d)

2r+h=20
2r=20-h

rzlo—lh
2

V =zr’h

2
vzﬂ(lo-ihj h
2

V =1007h—-107h% + % zh®

Q =(3)(2zrh) + (4)(7r?)
Q= Gﬂ[lo—lh)h +47z(10—lhj2
2 2

Q =607h—37h* + 4007 — 407h + 7h?
Q =4007 +207h —27h?
Q =27(200+10h—h?)

aQ _ _
o = 27(0+10()~2h)

dQ

—=47(5-h

T 7(5-h)

dQ_,

dh

~4z(5-h)=0

h=5

The maximum value of Q
= 27(200+10(5) — (5))

= 4507

SE Production Limited

(A1) for correct approach

Al
[2]

(A1) for substitution

Al

[2]
M1A1

M1

Al

AG
[4]

(A1) for correct derivatives

Al

(M1) for setting equation

Al
Al

(M1) for substitution
Al
[7]



-9 0
11 @) BD=| 0 |- 9
0 -9
-9
BD=| -9 Al
9
The vector equation of BD:
0 -9
r=| 9 [+t| -9
-9 9
X =-0t
y=9-0t Al
z=-9+0t
-ot 0
E=| 9-9t |-| O
—9+0t -9
-ot
CE=|9-9t Al
ot
CE-BD=0
S (9 (-9) +(9-9t)(—9) +(9)(9) =0 M1
81t —-81+81t+81t =0
243t =81
t= 1 Al
3
X = —9(% =-3
3
y= 9—9(% =6 M1
3
4 :—9+9(}j=—6
3

Therefore, the coordinates of E are (-3, 6,—-6).AG
[6]

SE Production Limited



(b)

0) (0
o
0/ (-9

0
BA=|0
9
0) (0
BC=| 0 —[ ]
9/ |-9
0
BC=|-9
0
n, = BAxBD
0) (-9
n, = 0}{—9}
9) |9
(0)(9) - (9)(-9)
n, = (9)(—9)—(0)(9)J
(0)(-9) - (0)(-9)
81
n, = —81}
0
n, = BCxBD
0) (-9
n, = —9]x[—9}
0/ |9
(-9)(9) - (0)(-9)
n,=| (0)(-9)-(0)(9)
0)(-9) - (-9)(-9)
81
n, = OJ
81

=[n,||n,|cos&

|

SE Production Limited

(A1) for correct values

(A1) for correct values

(M1) for valid approach

(M1) for valid approach

Al

(M1) for valid approach



(€)

(81)(—81) + (—81)(0) + (0)(-81)

= (\/81 +(-81)%)(/(-81)? + (-81)? ) cos &

—81% =2(81)* cos &
cosf = —E
2

0=120°

The area of OABC
=(OA)(OC)
=(9)(9)

=81

%(81)(OD) + % (81)(OF) =783

1 1
3 8D+ 3 (81)(OF) =783

270F =540
OF=20
~.DF=9+20
DF =29

SE Production Limited

Al

Al
[9]

(A1) for correct value

(M1) for setting equation

Al

Al
[4]

10



12.

(@)

(b)

da
dt
93 _ a2 150
dt

da
—=2(a*+25
o ( )

—2a° =50

da = 2dt

a’+25

Ia2+2
Ia2+

1ar(:tan —=2t+C
5 5

da = j 2dt

da = j 2dt

arctan % =10t +C

=tan(10t + C)

=5tan(10(0)+C)

a
5

a=>5tan(10t +C)
5

1=tanC

tanC:tanz
4
c==2
4

s.a=5tan (10t +

NG

J
J

53|n(10t+ J
dt

cos(lOt+ ”J
4
55in(10t+Zj
Idv=f—dt

coS (10t + ”)
4

Let u=cos (10t + %) .

[N

n@m+

-Mél I

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

Al
(M1) for substitution

(A1) for correct value

Al

[7]

(A1) for correct approach

(M1) for substitution

11



()

W 1osinf10t+ 7 | = 5sin 10t + Z |dt = - L du
dt 4 4 5

v=—£|n +D
2

cosS [10t + ZJ
4

O |
In24:—§ln +D

Vi
cos (10(0) + Z)
1 1, 2

“In2=—=In—+D
4 2 2

1In2=1In2+D
4 4

COoS [10t + Zj‘
4
coS [10t + E]‘
4

1

cos (10t + ”J
4

V= 1In sec(10t+£j
2 4

V= 1In sec? (10t +£]
4 4

Vv :lln tan? (10t+zj+1
4 4

2
.'.V=1|n [Ej +1
4 5
2
v:lln a—+1
4 25

1. (a*’+25
v==In
4 25

D=0

1
sV=—=In
2

1
v=—=In

SE Production Limited

(A1) for correct working

Al

(M1) for substitution

(A1) for correct value

Al

[7]

M1

Al

Al

Al

AG

[4]

12



AA HL Practice Set 2 Paper 2 Solution

(kx _ﬂjs — (k0)® +(8J (k)" (_fj +(8j(kx)6 (_ﬂ)z
X 1 X 2 X
%{EJ (kx)° (_;T + [jj (kx)* (_;T +...
(kx—ﬂjs = k&% +8k’x’ [—ﬂj+ 28k°x°® (gj
X X X

+56k°X° (—%j +70k*x* (Z—ifjj +...

(M1)(A1) for correct approach

(A1) for simplification
X X

8
(kx—ﬂj =k®x® —32k"x® + 448k °x*

X Al
—3584k°x* +17920k” +...
. 448Kk° :17920k* =9: 40 Al
448k° 9
17920k* 40
k? 9
40 40
k =-3 or k =3 (Rejected) Al

[6]

SE Production Limited



(@)

(b)

(@)

(b)

A=27r"+2zrh+ 2712
1357 = 4zxr? + 271 (3.5)
135=4r> +7r

4r* +7r-135=0
(4r+27)(r-5)=0
4r+27=0o0r r-5=0

r= —2747 (Rejected) or r=5mm

The volume

= ﬂ ar® + zrh
3
= %71(5)3 +7(5)*(3.5)

= 798.4881328 mm?®
=798 mm?

r? +(1.75r)* — (1.5r)°
2(r)(L.75r)
1.8125r?

3.5r?

cos ABC = 2
56

()  cosABC=

cos ABC =

(i)  ABC=1.026452178 rad
ABC =1.03 rad

%(BC)Z(ABC) =9.89

%rz(ﬂ—l.026452178) =9.89

r’ =9.35162474
r =3.058042632
r=3.06

SE Production Limited

(M2) for setting equation
(A1) for substitution

(M1) for quadratic equation

Al

[5]

(M1) for valid approach

Al
[2]

M1A1l

Al

AG

Al
[4]
(M1) for setting equation

(A1) for substitution

Al
[3]



2
4. X ~ B(S, p+2—§+10] (R1) for correct distribution

The standard deviation of X

2 2
=15 P 1- P (A1) for substitution
3p+10 3p+10

_ s 2p p+10
3p+10 ){ 3p+10

o5 2p p+10 >E (M1) for valid approach
3p+10 )\ 3p+10) 10
5 2p p+10 >121 M1
3p+10 ) 3p+10) 100
5 2p p+10 _121>0 Al
3p+10 J){ 3p+10) 100

By considering the graph of

y_s(_2p )(p+10) 121
3p+10 ) 3p+10) 100°

5.3435147 < p < 25.443002 .

Thus, the greatest value of p is 25. Al
[6]

5. V= I(8—8t)dt (M1) for indefinite integral

v:8t—8(%t2j+c Al

v=8t—4t’+C

The initial velocity

=8(0)-4(0)*+C (M1) for valid approach

=C

The difference between the velocities is 4 ms™

o8t—4t> +C=C+4 or -.8t—4t>+C=C-4 (A1) for correct approach

4t* -8t +4=0 or 4t* -8t-4=0 A2

—(-8) £4/(-8)* —4(4)(-4
4-17 =0 or 1= “COENEE ~4AH)
2(4)
t=1 or t =2.414213562, t =-0.4142135624 (Rejected)
sm=1or m=241 A2

[8]

SE Production Limited



(@)

(b)

(@)

(b)

()

By using row operations, the system
2 -1 3| 3

1 -4 -6|-17 | isreduced to
31 2|21

1 0 0|5

01 0|4].

0 0 1|1

Thus, the coordinates of P are (5,4,1).

5 1
r=|4|+t| -4
1 —6
{x:-5<x<1}

f(x)=2-(x-1)°

y=2—(x-1)?

=x=2-(y-1)>?

(y-1)°=2-x

y—lzx/ﬂ (Rejected) or y—1= —«/ﬂ
y:—ﬂ+1

S =—2-x+1

(@7 109=

ey X

f (X)—Q[J
g(gj:— 2—-x+1

g (3(%)} — _2-3x+1
L g(X)=—2-3x+1

SE Production Limited

(M1) for valid approach

A3
[4]

A2

[2]

A2
[2]

(M1) for swapping variables

Al

Al
[3]

M1

Al

Al
[3]



L _2(4-0
== 2(4-0)
2z _g
B
B="

4

S+ = Asec%(O)+C

5+7=A+C
C=5+x-A

5—7r:Asec%(4)+C

S5—7=A(-)+5+7—-A
-2 =-2A

A=r

C=5+7r—-nx

C=5

(@)  The total number of possible ways
14
14x2
= 3113510400

(b)  The number of possible ways
21x13!

13x2

=3113510400 -

= 2634508800

SE Production Limited

Al

(M1) for substitution

Al

Al
[4]

(A2) for correct formula

Al
[3]

(A2) for correct formula

Al
[3]



10.

(@)

(b)

(©)

(d)

P(L>59.2) =0.12
P(Z > 592_“} ~0.12
35

59.2—u

=1.174986791

59.2— u = 4.11245377
11 =55.08754623
1 =55.1

P(L <q)=0.55
P(Z _d —55.28;54623) 055

q—55.08754623
35
q—55.08754623 = 0.4398146813

q=55.52736091
~.q=55.5

=0.1256613375

() X ~B(l0,0.55)
E(X) = (10)(0.55)
E(X)=55

iy  P(X >5)=1-P(X <5)
P(X >5) =1—0.4955954083
P(X >5) =0.5044045917
P(X >5)=0.504

55% 33%
m ——————(0.8)+m| ———— ((1.])
559+ 33% 559+ 33%
= (949)(1000)
0.5m+0.4125m = 949000
0.9125m = 949000
m =1040000

SE Production Limited

(M1) for valid approach

(A1) for correct approach

Al

Al
[4]

(A1) for correct approach

Al
Al

[3]

(R1) for correct distribution
(A1) for substitution
Al

(M1) for valid approach
Al

Al
[6]

(M1)(A1) for correct approach

Al

Al
[4]



11.

(@)

When 0<t<1,
s(t)=j7ztdt

T .2
s(t)=—t"+C
(t) 5

T
5(0) = —E

V4

T
S Zop+c=-Z
2@ 2

c=-=
2

T, T
5(1)25(1) )

s()=0

When 1<t <5,
s@):jﬁé*m
s(t)=—ze""+D
s@=0

s—me '+ D=0
D=r
s(5)=-—ne"+rx

s(G)=—re*+71

5(5) =§4(e4 -1)

T X o<t<1
2
ss(t)=<-—me" 4+ 1<t<5

gxé—n t>5

SE Production Limited

(M1) for valid approach

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

(A1) for correct value

(A1) for correct value

Al

[8]



(b)

()

7(2) 0<t<1

a(t)=47e"'(-1) 1<t<5
0 otherwise

Vs 0<t<1

a(t)=4-7e"" 1<t<5

0 otherwise

a(t) <-3
et <3
3—ze" <0
By considering the graph of y=3-7¢e"",
1 <1.0461176.
S 1l<t<1.05
. ds 1t
0] prin e
ﬂ =—ze!
dt
ds
dv
_ds dv
Tdtdt
ﬂ_el—t
- _ﬂ_el—t
=—1
N dt
(i) W
.. Qv
Tt
1
- _ﬂ_el—t
_1 ot
T

SE Production Limited

(M1) for valid approach

(Al) for correct values

(M1) for setting inequality

Al
[4]

M1

Al

AG

M1
Al

AG
[4]



12.

(@)

(b)

(©)

ﬂeie
_|5
2
|20
5
E‘eie‘
5
2
=—(1
5()
_2
5
2
1_gei9
5
. 2
() -
1_7eI9
5
10
5—2¢'"
3 10(5—2ei('9))
(5-2e"")(5—2e"")
3 50— 20e!¢?
25-10e'? —10¢e'? + 4
50— 20e'¢?

T 29-10( +¢)
_ 50-20(cos(—0) +isin(-4))
 29-10(cos(—6) +isin(-0)
+Cc0s@+isinb)
50—-20(cos@—isin0)

- 29-10(cos@—isin @+ cos @ +isin )
_ 50-20cos @ +20isin &

~ 29-10(2cos6)

_ (50-20cos#) +i(20sin )

- 29-20cos 6

SE Production Limited

(A1) for correct approach

Al

[2]
A2

2]

M1Al

M1

Al

M1

Al



(ii)

ﬂsin¢9+£sin 2¢9+£sin 30 +---
5 25 125

_ 20sin@

~ 29-20cosé

..sin 6’+Esin 20+isin30+---
5 25

_ 25sin0
29-20cosd

2+£c030+£c0320+---
5 25

ﬂcosé?ﬁtﬁcos26?+£cos36?+---
5 25 125

~ 50-20cosd

T 29-20cosd

~ 50-20cos@ 2(29-20cos6)
T 29-20c0osf  29-20c0sd
_50-20cos¢ 58-40cosé

"~ 29-20cosf® 29-20cosd

~ 50-20cos#—-58+40cos

- 29-20c0s 6

_ —8+20cosd

~ 29-20co0s 8

cos¢9+zcosze+icos&9+---
5 25

~ —10+25c0s8
~ 29-20cosd
_ 5(-2+5co0s8)
~ 29-20cosd

SE Production Limited

_ 50-20cos®
29—-20cos @

M1A1l

AG

M1Al

M1

Al
M1

Al

Al

AG
[15]

10



AA HL Practice Set 2 Paper 3 Solution

1.

(@)

(b)

(©)

(d)

arc P,B
= %7[(1)2
1
=—7
4
M 1
iy 2
(i) R(3)
_ 3(% (OA)(OP,)sin AéPl]
1 . 180°
= 3[5(1)(1)sm Tj
= Esin 60°
2

(i) AP, =0P, as AOP, is an equilateral

triangle.

R(4)

_ 46 (OA)(OP))sin A@Plj

1 . 180°

=2sin45’

SE Production Limited

(M1) for valid approach

Al

[2]
Al

Al
[2]

(M1) for valid approach

(A1) for substitution

Al

R1
[4]

M1

AG
[2]



(e)

(f)

(¢))

AP? = OA? + OP? — 2(OA)(OP,) cos AOP,
L(4)* =1% +1° — 2(1)(1) cos 45°

14®2=2—2{%?J

L(4)? =22

o L(4) —4L(4)* +2
=(2-v2)" -4(2-2) +2
=4-4J2+2-8+4J2+2

=0

Thus, the exact value of L(4) satisfies the

equation x*—4x*+2=0.

(i)

(ii)

(i)

R(n)

- (% (OA)(OP,)sin A@Plj

:nf%axnsmlswj

n

AP? = OA? + OP? — 2(OA)(OP,) cos AOP,
L(n)? =1* +2° - 2(1)(1) cosﬂ
n

L(n)* = 22005280
n

L(n) =, /2—2cos@
n

SE Production Limited

M1
Al

Al

M1
M1

AG

M1

Al

Al

Al

M1

Al

AG

[5]

[4]



(h)

il —
(if) R()
2—2cos@
_ n
n . 180°
—sin=—/—
2 n
JZ 2(1 23|n290j
n
= A2
( 90°  90° j
2sin —cos——
2 n n
4sin® =— 90
= n M1
90° 90°
nsin —cos—
n n
Zsmﬂ
= n M1
90° 90°
nsin —cos——
n n
B 2
- 90°
ncos—
n
=Esec% AG
n n
[6]
Ln) _ 1
R(n) ="
2 900 1
S —SeC— < —
n n =
gse ﬂ—iﬂ<0 (A1) for correct inequality
n n
By considering the graph of y—zsec%—iﬁ,
T
n>72.941232.
Thus, the least value of n is 73. Al

[2]

SE Production Limited



(@)

(b)

(©)

f'(x)

=€) 1—x)"+ (€ )(NA-x)""(-D) Al
=e*(1-x)"*[(1-x)+n(-1)]
=e*1-x)""1-x-n) Al

e*>0, (1-x)"'*>0and 1-x-n<0forn>0. R1
S F'(x)<0
Thus, f(x) isdecreasingin 0<x<1for n>0. AG

f(0)=1and f(1)=0. R1
Also, f(x) is decreasingin 0<x<1.

Therefore, the area under the graph of f(x) is
positive, and is smaller than the area of the

square of length 1. R1
Thus, 0<1I(n)<1for n>0. AG
(i) 1(0)
=j:ex(1— x)° dx M1
1
=I e dx
0
=[] Al
el _¢°

SE Production Limited

[3]

[2]



(i) 1)
= j:ex(l— ) dx

Let 6=¢". (M1) for valid approach
d_ezex
dx
S @)
=j1(1—x)-0'(e ) dix
0 dx
x T 1 x d(l—X)
=[(1-xe ]O—J'Oe =l X Al
=[a-xe] - j:e (~1)dx Al
B x 1 L ox
= _(1— x)e Ik +j0e dx
= _(l—x)ex_z +e-1 Al
=(1-De' - (1-0)e) +e-1
=(0-1)+e-1
=e—-2 Al

SE Production Limited



iy 1(2)
= j:ex(l—x)zdx

Let 6=¢". (M1) for valid approach
d_ezex

dx

)

_ 2, x Tt L oy d((l_x)z)

_[(1—x) e ]O—joe -de Al
=[a-x7e ] - j:e -2(1— X)(=1)dx Al
_r_v\2 x 1 oy _

—_(1 X)“e _O+2_[Oe (@—x)dx

=[a-x2e ] +210) Al
=[@-x2e] +2(e-2)

=(1-1)%e"' - (1-0)°e®) +2(e—2)
=(0-1)+2e-4
=2e-5 Al
[12]

SE Production Limited



(d)

(e)

1(n)
=I:ex(1—x)"dx
Let O=¢".

dae

—=e
dx

= (n)
- j (1-x d(e )dx

_ _v\nax | x_d((l_x)n)
=[@ x)e]0 joe = dx

=[a-xe ] - [ e - (-1

I nax Tt 1 x n-1
__(1—x) e _0+nj0e (1—x)""dx

=[@- x)“ex:z +nl(n-1)

=(1-D"e' —(1-0)"e”) +nl(n-1)
=-1+nl(n-1)
Thus, I(n)=nl(n-1)-1 for n>0.

I(n)

=nl(n-1)-1

=n((n-)I(n-2)-1)-1
=n(n-1)I(n-2)—-n-1
=n(n-)(n-2)I(n-3)-)—-n-1
=n(n-)(n-2)I(n-3)—n(n-1)—n-1
=n(n-1)(n-2)---(2)M)1(0)
-n(n-1)(n-2)---(2)
—-—n(n-)(n-2)-n(n-1)—-n-1

|(0)_%_...

—nl
AL ] 1 11

(=31 (n-2)! (n-1! n!

=n! e—1—(1+---+ ! + !

S (n) = n!{e—l—zn:l'}

= I

1

g

1! (n—2)! (n—l)!+n!

SE Production Limited

M1

Al

Al

Al

Al
AG

[5]

M1

M1

Al

M1A1l

AG

[5]



M e Al
[1]

SE Production Limited



AA HL Practice Set 3 Paper 1 Solution

(b)

(c)

(@)

(b)

The common difference
=95-100
=-5

The fifteenth term
=100+ (@15-1)(-5)
=30

The sum of the first fifteen terms

- %[2(100) +(15-1)(-5)]

=975

The gradient of L, is 2.
The vy -intercept of L, is —20.

The gradient of L, is —%.
The equation of L,:
1
Y= (-20) =~ (x-0)
1
+20=——x
Y 2

2y +40=—x
X+2y+40=0

SE Production Limited

(M1) for valid approach
Al

[2]

(A1) for substitution
Al
[2]

(A1) for substitution
Al
[2]

Al
Al

[2]

(A1) for correct value

Al

Al
[3]



@ @O 4

(ii)

w|

Giy -1

(b) log,, x+g =log, 256 +log,,; 5+log i

8 1
log,, x+§:4+§—1

2
log,, x=—

w

2
X =273

2
x=(33)3
X =3?
X=9

(1—%xjn (1+2nx)°

= 1—%nx+---j(1+6nx+---)
The coefficient of x

= (D(6n) + (—% n} @

21
T4
o 21 105
4 4
n=>5

_ 1@(_;X}...J[H@(zﬂxﬂ..}

=[1+(n) (—% xj +-- j @+@3)(2nx)+---)

SE Production Limited

Al

Al

Al
[3]

(M1) for substitution

(A1) for correct approach

Al
[3]

(M1) for valid expansion

(A1) for correct approach

A2

(A1) for correct approach

(M1) for setting equation

Al
[7]



33<f(x)<33
~3/3<6sin2x <33

5 5

——<sin2x<—
2 2
.'.sin(—zj <sin 2x§sinz,
3 3
sin[ﬂ—fj <sin2x Ssin[n+zj or
3 3

sin [27[—5] <sin2x< sin(2ﬂ+zj
3 3

LT o< E 2T oy <A G ST gy T

3 3 3 3 3 3
LT k< <P o Ty 7
6 6 3 3 6 6
0<x<Z Fex<Z or oy IZ
6 3 3 6 6

SE Production Limited

Al

(A2) for correct ranges

Al
(M1) for valid approach

A3
[8]



(@)

E(X):Jix%dx

E(X)= {%xz}

9 4
E(X)=—-—
M=10"10

1
E(X)=—
(X) 5

E(Xz)zrzxz%dx
o [1 57
E(X ): |:EX j|

E(X?) =%

Standard deviation

= JE(X?) - (B(X))’

7—2Fﬂ
3 =[]
7—ﬂﬂ
3=
f(=xp= s

Thus, f(|x)) is an even function.

f=h=

f(==

x=3, x=-3

y=-2

SE Production Limited

(A1) for substitution

A1

(A1) for substitution

A1

(A1) for substitution

A1

M1

A1

AG

A2

A1

[2]

[2]

[2]

[2]
[2]

[1]



2(seca +2tan r)* =3+8secatan o +6tan® o

2(sec’ o + 4seca tan o + 4tan® o)
=3+8secatana +6tan’ o

2sec’ o +8secatana +8tan’ o
=3+8secatana +6tan’ o

2sec’ a+2tan’ =3

sec2a+tan2a=g
2 2 3
l1+tan® g +tan a:E
2tanzoc=1
2

tan’ o =

ANl

tana = —% or tana = % (Rejected)
2tan

tan2a = >
1-tan“ o

SE Production Limited

(M1) for valid approach

Al

(A1) for correct value

(M1) for valid approach

Al

[5]



When n=1,

1®+3(1)°-1=3

1*+3(1)* -1=3(1)

Thus, the statement is true when n=1.
Assume that the statement is true when n=Kk.

k®+3k?—k=3M , where M 7.
When n=k +1,

(k+1)° +3(k +1)* - (k +2)

=k®+3k*+3k +1+3(k* + 2k +1) -k -1

=(3M +k —3k?) +3k* +3k +1+3k*+6k +3—k —1
=3M +3k*+9k +3

=3(M +k*+3k+1), where M +k*+3k+1eZ.
Thus, the statement is true when n=k+1.
Therefore, the statement is true forall neZ".

SE Production Limited

Al

M1

M1
Al

M1
Al

R1

[7]



10. (a) g(x)—f(x)=0

N N
ezf —er sin (% xj =0 (M1) for valid approach

1
eiﬁ (1—sin (Z XD =0
3
1—sin(z xj =0
3

sin(ijzl Al
3

T T 57 T Or

—X=—, =X=— 0f —X=— (A1) for correct values

3 2 3 2 3 2

x=§,x=E or x:z A3

2 2 2
[6]

® () %xn =%+(n—l)(27z) Al

3
X, =—+6(n-1
o =5+6(-1)

X X

n+l = “n

3 3
= (§+ 6(n+12) _1)j_(5+6(n_1))

X0 — X, :(§+6nj—(§+6n—6j
2 2

X ., —X, =6 Al
The differences between each pair of
consecutive terms are equal to 6.

Thus, X, X,, X, ... is an arithmetic

M1

sequence. AG

.. 3
i X =—+6n-6
(i >

X =6n—g Al
2

[4]

SE Production Limited



(€)

Note that x, :% and x, =£.

f(x)=0
1
ezﬁsin(Z szo
3
sin[zx]:o
3

Zx:37r or zx:47r
3 3

Xx=9 or x=12

N
“R= I{eZ _ez sm(%xj}dx+£2e2’fdx
a1 1y
+_[ 2 (ez’f—ezij_sin[Z xjjdx
12 3

SE Production Limited

M1

(Al) for correct values

A2

[4]



11. (a)

(b)

(©)

- -

PS=PQ+Q

PS=r+— QR
a+l

PS=r+—(PR-PQ)
a+l

> 1

PS=r+——(q-r)
a+l

> a+l 1 1
r+ —
a+1 a+1

w
Il

a+l

1
S=——q+
0{+1q

a
—r
a+l

9.

.-PS L OR
- PSQR=0

1 a
—q+——r |-(g-r)=0
(a+1q+a+1 ) @=n

(g+ar)-(q-r)=0
q-(q-r)+ar-(q-r)=0
ar-(q-r)=-q-(q-r)
ar-(q-r)=q-(r-q)
g, -9 (r-a)

r-(q-r)

1 a
+——r
a+l

a+l

g,

S

L(q+o¢r)
a+l

9,

S

o
n'
Il

1 q-(r-q
q-«—q)H[“r-(q—r) rj
r-@-r)

r-(q-n
r-(q-r)
L9(r-9)
r-@-r)
r-@-r
ps=__ "(@-n r-@-r

q-(r-q)+r-(q-r|_ q-(r-a)

r-(q-r)

— 1 q

T, @
r-@-n " r@-n

r

q

SE Production Limited

(A1) for correct approach

(M1) for valid approach

(M1) for valid approach

Al

M1

Al

M1

M1

AG

M1

M1

Al

[4]

[4]



(d)

s (r(@-n)a+(q-(r—a)r
q-(r-q)+r-(@-r)
s_(r@-na+@Q-(r-q)r
q-(r-g)—r-(r-q)
_(r-@@-n)a+@-(r—q)r
(@-r)-(r-q)
e _(r-(@=r)g+(@-(r-q)r
r-qf
_(r-(r=a)a-(q-(r—ag)r
r-qf

g,

e
'

(]
Il

P

wn

gy (r-a)
r-(q-r)
S Rt
r-g-r-r
2
_9-r-d
a=—""7
r-q-ri
020
o=—-
0-15°
_1
9

(i) QR =+/20% 1152

QR=25

(i)

a

RS=16

PS=4/20° 16
PS=12

The required area
_(16)12)

2

=96

SE Production Limited

M1

Al

Al

AG

[6]

(M1) for valid approach

(A1) for substitution

Al

(A1) for correct value

(A1) for correct value

(A1) for correct value

Al
[7]

10



(@ R*=O0P?+r? (M1) for valid approach
R*=(h—R)*+r?
R*=h?-2Rh+R?+r?

2Rh—h? =r? Al
V =1ﬂr2h
3
sV = %ﬂ(ZRh —h?)(h) (A1) for substitution
=V =§7zh2—17zh3 Al
3 3
[4]
by V =£ﬂh2—1ﬁh3
3 3
v =£ﬁ(2h)—1ﬁ(3h2) M1A1
dh 3 3
d—Vzﬁﬁh—ﬂhz Al
dh 3
dd 4R
W:?ﬂ'(l)—ﬂ'(Zh) Al
ﬂ = ﬁ7r—27rh AG
dh 3
[4]
dv
C —=0
(c) ah
.'.ﬁﬂ'h—ﬂhzzo M1
3
R _h-o
3
ho 4R Al
3
daV 4R 4R
— =—r-27| — M1
dh”| & 3 3
3
daV 4R
- =——7
dh? L 3
3
daV
— <0 R1
dh? 4R
3

L ) 4R
Thus, V attains its maximum when h :?.

SE Production Limited



(d)

(€)

2
ZR(BJ—(BJ =r? Al
3 3
g_laR2 _

3 9

M1

Thus, V attains its maximum when r =2\/_%. AG
[6]
32

aﬂ'Rg A2

[2]

The slant height of the circular cone

2 2
—\/[@] J{Bj (M1) for valid approach

3 3

= ﬁRZ
9

_J24R

3
_2J6R
R
The curved surface area of the circular cone

SN e

3 3

Al

:gmﬂw

< 3(4)7sz R1

_16
9
Thus, the curved surface area of the circular

7R?

: 16 .
cone is not greater than Eﬂ'Rz when its

volume attains its maximum. Al

[4]

SE Production Limited
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AA HL Practice Set 3 Paper 2 Solution

1.

(@)

(b)

(i)
(i)
(iif)

(i)

(ii)

6
6

The range
=18-3
=15

The mean

(3)(12) +(6)(20) +(9)(12)
_ +(12)(8) + (15)(4) + (18)(4)
© 12+20+12+8+4+4
=8.2

The variance
=4.308131846°
=18.6

SE Production Limited

Al

Al

(M1) for valid approach
Al
[4]

(M1) for valid approach
Al

(M1) for valid approach
Al

[4]



@ f(x)=9(x)

C=1+ !

—X

e —

e
X2
X e
me* -1-—=0
T

By considering the graph of y= e

X =-0.814566 or x =0.8145662 .
-.a=-0.815, b=0.815

(b)  The required area
0.8145662

= | yonses (T () =9 (0))dx

0.814566

2
08145662 > e*
= (ﬂe " —1——]dx

B -0.814566 T

=1.890606422
=189

Note that f(0)=-1.

—1=J§sin(g(0+ h)j

=-4.5 (Rejected) or h=-1.5
~h=-15

SE Production Limited

2
eX
—1--

T

(M1) for setting equation

A2
[3]

(A1) for correct integral

(A1) for correct value
Al

[3]

(M1) for setting equation

(A1) for correct approach

(A1) for correct approach

Al
Al

[5]



(@)

(b)

(@)

(b)

()

. 1
() 5

() 3
(i) -4

The coordinates of P’
:(§+3, —5(8—4))

=(4,-20)

cosc9:E
r

AB=rcosd

sinQ:E
r

AE =rsind
The area of the triangle ABE
_ (AB)(AB)
2
_ (rcos@)(rsin @)
2

2sin@cos O

=£r2 (ESin 20)
2 2

_r’sin20
4

1
==r
2

AEB+BEC+CED=7r

(z—9j+BéC+[£—9):ﬂ
2 2

7—-20+BEC=r
BEC =26

SE Production Limited

Al

Al

Al
[3]

(A2) for correct approach

A2
[4]

Al
[1]

Al

M1
Al

Al

AG

[4]
M1

Al

AG
[2]



(@)

(b)

o X2 +2x+4 Ay B .
(x=3)(x=7) Xx—3 x-7
and C are constants.
X2 +2x+4  A(X=3)(x-7)
(x=3)(x-7)  (x=3)(x-7)
B(x-7) N C(x=3)
(x=3)(x=7) (x=3)(x-7)
X2 +2X+4
(x=3)(x=7)
_Ax2—10AX+21A+BX—YB+CX—3C
B (x=3)(x-7)

X? +2x+4

= AX* + (-10A+B+C)x+(21A-7B-3C)
A=1

2=-101)+B+C

C=12-B

4=21A-7B-3C
-.4=21(1)-7B-3(12-B)
4=21-7B-36+3B

19=-4B

SE Production Limited

,Where A, B

M1

Al

Al

Al

Al

Al

Al

[6]

[1]



X+2y—-z=1
@ () 2x-y+az=0
X+3y+2z=D
X+2y-z=1
—>4-5y+(@+2)z=-2
y+3z=b-1
(R, —2R, &R, —R))
X+2y-z=1
—<-by+(@+2)z=-2 (R,+0.2R)) Al
(0.2a+3.4)z=b-14
The system has no solutions when

0.2a+3.4=0 and b-1.4+0.
a=-17 and b=14 Al

M1

(i) The system has a unique solution when
0.2a+3.4+0.
sa=-17 and beR Al

[4]
X+2y—-z=1
(b) 2X—-y+32=0
X+3y+2z=3
By solving the system, x=-0.2, y=0.8 and
z=04. A2
[2]

r=(-1+2A+4u)i+B+A1)j+(-1+5u)k
r=(—1+3j—Kk)+A(2i +j) + p(4i +5k) (M1) for valid approach
N = (2i+ J) x (4i+5K)

DG -(0)(0)
n=| (0)(4)-(2)()

(2)(0)-M(4)
n=>5i-10j—4k (A1) for correct values
The Cartesian equation of the plane 7 :
(xi+yj+zk)-(51—10j—4k) = (-1+3]j—k)-(51-10j—-4k) M1Al
5x-10y -4z = (-1(5) + (3)(-10) + (-1)(-4)
ox—10y—-4z=-31 Al

[5]

SE Production Limited



(@)

f (0) =arctan % ©=0

1 r
ol ol
1+(” xj 2
2
o= 4+ 7°X°
Ay 27 o
HO = 0y 2
100 = 7 X)) —(@m)(27*%)
B (4+7°X)?
£7(x) = - (4:‘” X o
e O
(4+7Z'2(0)2)2
(4+7°x%)*(47°)
FO(x) = — —(4r 3X)((i)J(r47[+2 ;2))22)(27[2)()
19(0)=- (4+0)Zif”3) == ‘%3

f(x)=f(0)+xf (0)+—f (0)+

) X X =
f(X)ZOH{E}F?(OHE{_T}rm

3

f(x)zzx_ﬂ_x3+...
2 24

SE Production Limited

f<3>(0)+---

(A1) for correct value

(A1) for correct value

(M1) for valid approach

(A1) for correct value

(M1) for valid approach

(A1) for correct value

Al
[7]



10.

(@)

(b)

(c)

a=-0.0807147258
a=-0.0807
b=3.177202711
b=3.18

log y =—0.0807147258/9 +3.177202711
log y = 2.935058534

y — 102.935058534

y =861.1098035
y =861

logy= —0.0807147258/x +3.177202711

y = 10—0.0807147258J§+3.177202711
—0.08071472! 177202711
y = 10700 58 1317720

03.177202711 . (10—0.0807147258)\/;

y=1
k — 103.177202711

k =1503.843735

k =1500

m= 10—0.0807147258

m = 0.8303960491
m = 0.830

SE Production Limited

Al

Al
[2]
(M1) for valid approach

(M1) for valid approach

Al
[3]

(M1) for valid approach
(A1) for correct approach

Al
(A1) for correct approach

Al
(A1) for correct approach

Al
[7]



11.

(@)

(b)

V2464
240
dv_ v?+64
dt 240
1 1

5 dv = dt
vV + 64 240

1 1
Iv~’-+64dv:jﬁodt

1arctan v = it +C
8 8 240

arctanX = it +C
8 30

v =tan (it+CJ
8 30

v =_8tan (it+0)
30

0=8tan(i(0)+cj
30
C=0

C.v=_8tan it
30

arctan — = it
3

SE Production Limited

(M1) for valid approach
(A1) for correct approach

Al

Al

(M1) for substitution

(A1) for correct value

Al
[7]

(M1) for setting equation

(A1) for correct approach

Al
[3]



()

(d)

dv_ v’ +64
dt 240
dv ds v:+64
ds dt 240
V@:v2+64
ds 240
280V, —ds
V- +64
J' 240v
V2 +64
240v
S_'[v2+64

dv=jds

dv

dv

S_J’ 240v
v +64
Let u=Vv?+64.

j_u = 2v = 240vdv =120du

V
s=jl-120du
u
$=120Inju[+D
s=120In(v* +64)+ D
0=120In(0* +64)+ D

D =-120In64
-.$=120In(v* +64)—1201In 64

2
S :120In((%\/§j ¥ 64}—120In 64

s =34.52184869 m
§s=345m

SE Production Limited

Al

Al

M1

Al

AG
[4]

(M1) for substitution

Al

Al

(M1) for substitution
(A1) for correct value

Al
[6]



12.

(@)

( 0 .. 9}7
COS— +isin—
7 7
L0 (7). 0.0 (1), 0. ,0
=cos’ —+| |icos® =sin—+| |i®cos® =sin? =
7 1 7 7 2 7 7
7 7
+ i3cos4gsin3g+ i“cossgsin“g
3 7 7 4 7 7
A2

7 -5 29 - 50 7 -6 9 - 60
+| _[iPcos” =sin® = +| _[i®cos=sin® =
5 7 7 |6 7 7

4itsin’2
-
=cos’ Q+7i cos® Qsin Q—Zlcosf’ Qsinz 9
7 7 7 7 7
-35i cos4gsin3g+35ms3gsin4g Al
7 7 7 7

+21i cos? QsinS Q—?cosgsine Q—isin7§
s.cos@+isin@

= COS7 —+ ”COS6 —Sin ——2:|.COS5 —Sin2 —
—35| COS4—Si||3—+35C053—Sin4— M1
+21i COS2 —Sins ——1 COS—Sin6 ——iSin7 —

=cos’ Q—Zlcoss Qsinz 4
7 7

+35cos® gsin“ g—?cosgsine 9
7 7 7 7

7 cos® Qsin Q—BScos“ Qsin‘"’ 9
H 0 0 0
+21cosz—sin5——sin77

.cos@d = cos’ g— 21cos’ gsin2 0

and

+35cos® Qsin“ g—?cosgsin6§

sin@ =7cos® gsing—%cos“ gsin3 0

0 0 o0 A2
+21c0s? =sin® = —sin’ =
7 7 7

[6]

SE Production Limited 10



(b) tan @
_sing

 cosd
7 cos® Qsin Q—350054 Qsin3 9
7 7 7 7

10

+21coszgsin5g—sin
7 7

- / M1A1

cos’ Q—Zlcoss Qsinz 0
7 7 7

35¢0s* Zsin* ¢ ~ 700 sin° ¢
7 7 7 7

7tang—35tan3 Q+ 21tan® Q—tan7 0

_ 7 7 7 7
B o 0 0 Al
1-21tan? ~ +35tan* ~ —7tan® =
7 7 7

Let x:tang.
7

_ 7x—35%° +21x° — X’
1-21x% +35x° = 7x°
x® —21x* +35x* —-7=0
—x(x® = 21x* +35x* - 7)

2 4 =0

1-21x° +35x" —7X

7x-35x° +21x° - x'
1-21x2 +35x* —7x°
tan6d=0 M1
0=0, n,2r,3r, 4, 57 or 67

tan @ M1

0 s 27 3
S.X=tan— , x=tan—, x=tan—, Xx=tan—,
7 7 7

x:tan4—7[, x:tans—” or x:tan6—7Z Al
7 7 7
x=0 (Rejected), x=tan§, x=tan27”,

x:tan377[, x:tan47ﬂ, x=tan57ﬂ or x:tan6—ﬂ Al

Thus, the equation x°®—21x* +35x*~7=0 has
SiX roots. AG

SE Production Limited

[7]



7
M Ytn”
r=1 7

6
=Ztanr—”+tan7—7[ M1
e 7
_ 9.5 Al
1
=0 Al
tan” || tan 2% |[ tan %
i 7 7 7
(i) 4 : 6 M1Al
tan il tan— || tan Ll —7
7 7 7
tan”Z [ tan 2Z | tan 2% |[ tan[ = - 2%
7 7 7
tan(;r—z—”j tan[n—zj =7
7 7
tan f} (tan z—ﬁj[tan 3—”} (— tan 3—”}
7 7 7 7
5 Al
—tanZZ || —tanZ |=-7
7 7
2
tanztanz—”tans—” =7
7 7 7
T 27 3T
Stan—=tan—tan— =4/7 Al
7 7 7 \/_

[7]
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AA HL Practice Set 3 Paper 3 Solution

1. (@)

(b)

&
r+r=——
1712 1
a=—1-r
L, :%
a, =hh
(i a
=—hL—-n
=—(h+1,)
:_Sl
i} 52 -S,
1l
i) =
_(n+n) = (K" +1Y)
2
— rlz + 2'1r2 + r22 — r12 — Ir22
2
_2nn,
2
=l
=8
. _ S12 _Sz
Sy = 5
() a, =-S5,

SE Production Limited

(A1) for substitution
Al
(A1) for substitution

Al
[4]

Al

M1Al

Al

AG

[4]
Al



2 2 2 2

_(n+n) - +n"+15)
2

(PR AR ) Y f AR A

AR A A A A e ot
- 2

_2nr, + 21, + 21,1,

- 2

=hhL+hG+60G

=4

S-S,

S = IS true.

(d)  ka,=S°-3SS,+2S,
K(-rrr) =(r+r1,+1,)°
3+, + ) (R + 2+ r) + 2+, + 1Y)
—kerr = (L +1, +5)(n+1, + 1)
3+, + ) (R + 2 +r) + 2+ + 1)
_krlrzrs
=(+10,+ 1)K +1,7 + 62 +26r, + 260, + 26,r,)
=3+ G+ L)+ 07+ 6°) + 2(07 + 1 + 1)

The coefficient of rr,r; on R.H.S.

=2+2+2
=6
S k=-6
(e) a, ;=-S5
— S12 ~S,
n-2 2
a_, = —%sf Jr%sls2 3

SE Production Limited

M1A1l

R1

Al
[5]

(A1) for correct approach

M1A1l

Al

Al

[5]
Al

Al

Al
[3]



(f)

u+v+w=14

u®+v> +w’ =86

u®+v? +w’ =560
Let S, =14, S, =86 and S, =560.
u, v and w are the roots of the equation
x®+a,x* +ax+a, =0, where a,=-S,,

S2-§ 1 1 1
ailez and a0=—6513+58182—533.
a,=-14

_142—86
2
a, =55

| 1
8=~ (14)° +(14)(86) - (560)

a, =—42

Therefore, u, v and w are the roots of the

equation x®—14x*+55x—-42=0.
By considering the graph of

y=x>—14x* +55x—42, x=1, x=6 or x=7.

su=1l,v=6, w=7

SE Production Limited

(M1) for valid approach

Al

Al

Al

Al

R1

A3

[9]



(@) cos(A+ B)x+cos(A—B)x
cos Ax cos Bx —sin Axsin Bx

] ] A2
+c0s Ax cos Bx +sin Axsin Bx
= 2c0s Ax cos Bx AG
[2]
(b) j 0” cos Ax cos Bxdx
= %J': (cos(A+ B)x+cos(A—B)x)dx (A1) for substitution
[ 1 . . i
=— sin(A+B)x+ sin(A—B)x Al
2| A+B A-B 0
o1 1 .
sin(A+B)r + sin(A-B)x
1/\A+B A-B
"2 1 1 M1
- sin0+ sin0
| \A+B A-B
=0 Al
[4]
) 1
() -
z
3 1
cos@+isiné@
_ f)O-SH—ISII’IH _ ML
(cos@+isin@)(cosd —isinH)
cos@—isin@
= 2 2 2 Al
cos“ @—i“sin“ @
_ cos@—isin®
cos’ 6 +sin® @
=cos@—isin@ Al

(i) z+£=(cos€+isin 0) +(cos@—isin @) (M1) for valid approach
z

z+l=20036
z

1

cosazl(u—j Al
2 Z

[5]

SE Production Limited



(d)  cos*é
B3
2 Z
73 +(3] 22 ,1{3} z-(ljz +GD M1A1
1 z \2 Z Z

c0s30 +isin30 +3cos @ +3isin @

= 3 1 Al
+ +
cos@+isin@ cos30+isin36

|

_1(cos30+isin30+3cosH+3isin & AL
8| +3(cos@—isin 8) +cos36 —isin 36
=%(200339+60030)
1
=2 (cos36+3cos0) AG
[4]
(e) cos" &
()
=l=||z+=
2 z
n 1 (n 1Y
Zn+ Zn—l__+ an_(_j
1 1 z \2 z
- = ‘. ) M1A1
2 n 1 1
oot Z-| =] +|=
(5 G
n
r L PUS I R PO
1 1 2
=— M1
2 ( n J 1 1
oot 2t
n-1)z z
n (n
:%Z( jcos(n—Zr)H A2
"~ r

[5]
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(f)

jo cos 6x cos® xdx

P 1&(5
:J' cos6x(—52( Jcos(S—Zr)x]dx
0 2’ =\r

COS6X
—if:(c055x+50033x+10cosx ] M1
+10cos(—x) + 5cos(—3x) + cos(—5x)
" 056 [cosSx +5c0s3x+10cos X ]dx

=—| CcOoS6X Al
3270 +10c0s X +5c0S3X +Cc0oS5x

= 3—12I: cos6x(2cos5x +10cos3x + 20 cos x)dx
1 s 1 V.4
=—I 20036xcos5xdx+—j 10cos 6x cos 3xdx
3270 327
+ir20c056xcosxdx
3270
1 i 5 T
:—j coszcosSxdx+—_|' C0S 6Xx c0s 3xdx
1670 1670

5 Al
+—I” €0Ss 6x cos xdx
8 0

1 5 5
:E(O)+E(O)+§(O)
=0 Al

SE Production Limited

(A1) for substitution

[5]



AA HL Practice Set 4 Paper 1 Solution

(b)

(©)

(@)

(b)

The area of the shaded region
:%(20)2(1.5)

=300 cm?

The arc length ABC
=(20)(1.5)
=30cm

The required perimeter
=27(20)-30+20+20

= (407 +10) cm

For correct X -intercept and Y -intercept
For two correct points (—4,1) and (1, 2)

(A1) for substitution

Al
[2]

(A1) for substitution
Al

2]
(M1) for valid approach
Al

2]
Al
Al

[2]

(W8]

o

-~/ (x

[ Y

v
ot

)

I

SE Production Limited

A2
A2

[4]



(@)

(b)

(©)

(@)

(b)

log, 64
=log, 4°
=3

log,,36+1log,, 4
=log,, 144
=log,,12°

=2

log,11-log, 88

=log 1
’8

=log, 2
=-3

a=2(-sinzt)(z)+0
a=-2xsin szt

S =J.(20087rt + )dt

s:jZCOSﬂtdt+jndt

Let u =t
d—u=7z:>£du=dt
dt T

s:.[%cosudu +Indt

2 .
s=—sinu+xzt+C
VA

S=£Siﬂ7zt+7zt+C
T

.'.—B:Esin0+O+C
T

C=-3

.'.S=£Siﬂﬂt+7l’t—3
T

SE Production Limited

(A1) for correct approach
Al
[2]

(A1) for correct approach

Al
[2]

(A1) for correct approach

Al
[2]

(A1) for correct derivatives
Al

[2]
(M1) for indefinite integral

(A1) for substitution

Al

(M1) for substitution

Al
[5]



6.

€) 1<D<5
(b) 6 hours
(c) 0] The required mean
=10.5+15
=12
(i) The required variance

=2°
=4

1+3x—cos%x

lim
x>0 In(1+X)

3 o
)

0
=|im(x+1)(3+fsinij
x—0 3 3

VI
= (0+1)(3+§sm§(0)j

=3

SE Production Limited

Al

[1]
Al

[1]

(M1) for valid approach
Al

(M1)(A1) for correct approach
Al

[5]

M1A2

M1

Al
[5]



43

tan x+cotx+T:O

43

tan X+ cot X =———
3

sin X +cosx 3 4J§

cosx sinx 3
sinx+cos’x 43
Sin X cos X 3

443 .
1:—Tfsmxcosx

—J3=2(2sinxcos x)

NG

Sin2x=——

2X:7z+% or 2x=27-=

27 Y4
X=— Oor X=—
3 6

SE Production Limited

(A1) for substitution

(M1) for valid approach

Al

A2

[5]



(@)

(b)

Xx=17+5t
L:qy=1-2t
z=10+3t
(17+5t)-8=3—-(10+3t)
9+5t=—7-3t
16 =-8t
t=-2
X=17+5(-2)=7
y=1-2(-2)=5
2=10+3(-2)=4

Thus, the coordinates of P are (7,5, 4).

RQ = —i+7j—4k

-.0Q—OR =—i+7j—4k
(L7 +58)i + (L— 2t)j+ (10 + 3t)k) - (3i + 5k)
—_i+7j—4k
1745t-3=—1
5t =15
t=-3
X=17+5(-3) = 2
y=1-2(-3)=7
7-10+3(-3) =1

Thus, the coordinates of Q are (2,7,1) .

SE Production Limited

(M1) for setting equation

Al

(M1) for substitution

Al
[4]

(M1) for valid approach

(A1) for correct value

(M1) for substitution

Al
[4]



When n=1,

5-21(1)+4' =-12

5-21(1) +4' =3(-4)

Thus, the statement is true when n=1.

Assume that the statement is true when n=Kk.

5-21k +4* =3M , where M 7.
When n=k +1,

5-21(k +1) +4**

=5-21k — 21+ 4(4%)
=—16—21k +4(3M + 21k —5)
=—-16—21k +12M +84k —20

=12M + 63k —36
=3(4M +21k -12) , where 4M +21k -12€Z.

Thus, the statement is true when n=k +1.
Therefore, the statement is true for all neZ".

SE Production Limited

Al

M1

M1
Al

M1
Al

R1

[7]



10. (a)

(b)

(©)

0] The required probability

(i) The required probability

_(n=-3)(n-4 3
e =)
_3(n=3)(n—-4)

" n(n-1(n-2)

The required probability

EE)E)

@ |~

The game is fair if the expected gain is zero,
which is equivalent to the expected amount of
money earns back equals to $10.

(eI
(R e

2B s

3+Z+§x+%lx:10
7x=E
3
2
X=—
3

SE Production Limited

Al

(A1) for correct approach
Al

[3]
(A1) for correct approach

Al

2]

R1

M1A2

M1Al
Al

AG

[7]



11.

(@)

(b)

(©)

220:1
20 i
z= =cos0+isin0

O+2kz) .. (0+2knx
Z = CO0S +1SIN
20 20

(k=0,12,-18,19)

z=c050+isin0, z=coS— +1SIn—,
10 10

/4
Z=C0S—+isin—, ...
5 5

9 .. 9« 197 . .
Z=CO0S—+ISIN— or Z=CoS——+ISIn
5 5 10

—% <arg(z)<0

! ! ( ﬂj ! ( 27[]
s.z=cis0, z=CIS| —— |, z=CIS| — |,
2 5
3z T

.27 .37 . 1w . T«
=-1-SIn— —SIN— —SIn——SIh—
5 10 5 10

T 2z T 3r
=-1-cos| ——— |-COS| ———
2 5 2 10
T T V4
—CO0S| ——— |—-COS| ———
(555 %)

T T 3z Ar
=-1-C0S— —C0S— —COS— —COS —
10 5 10 10

SE Production Limited

Al

M1

(A1) for correct values

A3

Al

Al

M1

Al

M1

[6]

[1]



_2(\h0+2J€J2_1
4

10+ 2.5
8
:10+2J§—8
8

_1+\/§

4

-1

142545
8

_6+25-8
8

J5-1

4

SE Production Limited

Al

AG
[5]

(A1) for substitution

(M1) for valid approach

Al

(A1) for substitution

(M1) for valid approach

Al
[6]



(€)

ImS

=—ReS

27 3
1+cos| —— |+cos| ——
5 10
Vg Vs
+C0S| —— [+CoS| ——
( 5) ( 10)

1+\/§—1+«f10—2\/§ +l+\/§+x/10+2\/§J N
4

4 4 4

) 1+§+\/10—2J§+\/10+2J§J
2 4

) §+2J§+J10—2J§+J10+2J§]
4 4

4

AG

 4425+110-2{5 +110+2\5
4

SE Production Limited

2]

10



12.

(@)

(i)

(ii)

f(x)=9(x)

s.sin2zy =—sinzy
2sinzzycoszy+sinzy =0
sinzy(2coszy+1)=0

i 1
sinzy=0 or cos;zy=_E
7Z'y=0 or 7z'y:2_7[
3
; 2
y =0 (Rejected) or y=3

Sr==
3

The area of the region
1

= [2(a(y) - F(y)dy
3

= E (=sinzy—sin2zy)dy
3

VA

= (1 cos (1) + 1 cos 27:(1)]
V2 2r

27

[
VR
3|~
O

1 1 1
__272' 27 Ar
1
s

SE Production Limited

Zomnye o
=|—CcoSzy+—CoS2ry
2 2

(2) 1 2
0S| — |[+—C0S27
3 3

M1
Al
Al

Al

AG

Al

Al

M1

Al

M1

AG

[9]
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(b) asin 27:[5):—
V2
2

€ =903
c.asin2zy =-sinrzy
2asinzycoszy+sinzy=0
sinzy(2acoszy+1) =0
2acoszy+1=0
2acosry=-1

cosrzy = —i
2a

4a® -1

Yy =arcsin

N
~
o} QJN
N
|

1 . 1
C.r=-=arcsin 5
T 4a

SE Production Limited

(M1) for substitution

Al

Al

M1
Al
Al
M1

Al

Al

M1

Al

M1

AG

[3]

[9]
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AA HL Practice Set 4 Paper 2 Solution

1.

@ () (3-127)
()  f(x)=3(x—3)?-127

(b) 3x* —18x—100 = -52
3x* -18x—48=0
3(x+2)(x—8)=0
X=—-2 or x=8

@) p is negative as the first turning point is a
minimum point.
4.3
2
p=-2.15

(c) 0] The period
=13.75-2.75
=11 hours

2

sg= 1

. (1.9+4.3)+1.9

2
r=4.05

(ii)

SE Production Limited

A2

A2
[4]

(A1) for correct equation

A2
[3]

R1
Al
AG
[2]

(M1) for valid approach
(A1) for correct value

Al

(M1) for valid approach

Al
[5]



(@)

(b)

(@)

(b)

BAC
=7-0.88-1.23
=1.031592654
AB _ BC
sinACB  sinBAC
AB 20

sin1.23_ sin1.031592654
AB = 21.96641928 cm

AB=22.0cm

AB? = OA? + OB’ — 2(OA)(OB) cos AOB
AB? =12 112 —2(r)(r)cos AOB
AB? =2r2 —2r? cos AOB
AB? = 2r(1—cos AOB)
) AB?
r =
2(1-cosAOB)

The common ratio r
3k? —4k3

k2
=3-4k

S, existsif —1<r<1.
s=1<3-4k <1
—1<4k-3<1

2<4k <4

l<k<1
2

SE Production Limited

(M1) for valid approach
Al

(M1) for sine rule

(A1) for substitution

Al

[5]
M1

Al

Al
AG

[3]

(M1) for valid approach

Al

[2]
R1

M1

Al
AG

[3]



The general term

(&S ()

9
— _1 r h3r—18x9—3r

9-3r=0

3r=9

r=3

The required term

_ (9j (_1)3 h3(3)-184,9-3(3)
3
84

[
s A
h® 65536
h® = 262144
h=4

SE Production Limited

(M1) for valid expansion

(A1) for correct equation

(A1) for correct value

(A1) for correct term

(M1) for setting equation

Al
[6]



€) Let &E A+i+
(4—x)(5-2x) 4-x 5-2x
B and C are constants.
X*+9 A4 -x)(5-2x)
(4-x)(5-2%)  (4-x)(5-2x)
B(5—2x) N C(4-x)
(4-x)(5-2x) (4-x)(5-2x)
x> +9
(4—x)(5-2x)
_ 20A-13Ax+2Ax* +5B —2Bx+4C —Cx
- (4—x)(5-2x)
X +9=2Ax"+(-13A-2B-C)x+(20A+5B +4C) Al
2A=1
1
2

, Where A,

M1

A= Al

02—13(%)—28—C

c=-2_28
2

9=20A+5B+4C
.'.9:20(%j+58+4(—%—28) Al

9=10+5B-26-8B
25=-3B

-2 Al

C=— Al

[6]
0 gey=-406-20
X“+9
The discriminant of x*+9
=0°—4(1)(9) Al
=-36
<0
Therefore, the denominator is always nonzero.
Thus, g(x) has no vertical asymptote. AG

[1]

SE Production Limited



. 5ex<?
(a) {x. 5£x33}

()  f()=(x-2)7
y = (3x—2)?
= x=(3y—2)
—Jx=3y-2
—/X+2=3y

X +2
3

~Jx+2

3

S FY(X) =

©  (feg)(x)=x'
g(x)=f(x")

—\/x_4+2
X) =
g(x) 3
—X*+2
X) =
g(x) 2
12 10 10—r
X X =7920
2 (r] (10—r}
10
=120
r
10 (10] (10] (10]
r 3 r 7
r=3orr=7

SE Production Limited

A2

[2]

(M1) for swapping variables

Al
[2]

M1

Al
[2]

M1A1l

(A1) for simplification

A2
[5]



(@)

(b)

The standard deviation of X

= JE(X*)—(E(X))’

=/2.279722222
=1.509874903
=1.51

P(X|>2)
=P(X>20r X <-2)
=P(X <-2)+P(X >

2
+ng2 -(—ixz +£x+ljdx—[ﬁj
0 15 15 5 60

2)

:I_z[ix+1de+Is(—ix2 +£x+ljdx
4120 5 2\ 15 15 5
19

"9

SE Production Limited

(M1) for valid approach

Al

Al
[3]

(M1) for valid approach

Al

Al
[3]



10.

(@)

(b)

(©)

(i)

(ii)

20-30
a ="
a,(t)=-5

v, (t) =-5t+30

The total distance the marble travelled
2
= [ u()|dt

2
= . |-5t+30]dt
0

=50cm

(i)

(ii)

v,(2)=20

. 20e"%2 =20
eb70.4 — 1
b-0.4=0
b=0.4

memzw

[ 20e°*%dt =50

Letu=0.4-0.2t
du

i —0.2 = -100du = 20dt

t=c=>u=04-0.2c
t=2=u=04-0.2(2)=0

0.4-0.2¢c
L ~100e"du =50

[—100e“]j*°2°:=50

g0402 o0 _ g
0% — 05
0.4-0.2c=In0.5
0.4-In0.5=0.2c
¢ =5.465735903
c=547

SE Production Limited

M1A1l

AG

A2
[4]

(M1) for valid approach

(A1) for correct formula

Al
[3]

M1

Al
AG

(M1) for setting equation

(A1) for substitution

Al

(M1) for substitution

Al
[7]



11.

(@)

(b)

The coordinates of A, B' and C are (-3,0,0),
(0,4,0) and (0, 0,8) respectively.
n= Aé'x KC
N = (3i +4j) x (3i +8Kk)

(4)(8)—(0)(0)
n=| (0)3)-(3)(®)

(3)(0)-(4)E)
n=32i—24)-12k
The Cartesian equation of the plane r,:
(xi+yj+zk)- (321 — 24j-12K)
=-3i-(32i—24j-12K)
32x—-24y-127 = (-3)(32) + (0)(—24) + (0)(-12)
32x—24y-127 =96
8x—-6y—3z=-24

The coordinates of B are (0,—4,0).
The volume of the pyramid ABCC'

1 [<BB')<OA)j(OC)
3 2

_ }((4 ~(4)(0-(=3) j ®)
3 2
=32

SE Production Limited

Al

M1
Al

Al

M1Al

AG
[6]

(A1) for correct values

(M1) for valid approach

Al

Al
[4]



(€)

(d)

n, =8i+6j-3K
n, =8i—6j—3k

Let @ be the obtuse angle between the planes.

n,-n, =|n[|n,|cos &

(8)(8) +(6)(-6) +(-3)(-3)

= (8 + 6 +(-3)?)(y/8? + (-6) +(-3)*) cos @

37 = (+/109)(v/109) cos @

cosf = ﬂ
109

6 =70.15665929°
The required obtuse angle

=180" —70.15665929°
=109.8433407°
=110°

The mid-point of BC
_(0+O ~4+0 0+8j

2 2 2
=(0,-2,4)
n, =N, xn,
N, = (8i+6j—3K) x (8i —6j—3Kk)
(6)(=3) - (-3)(-6)
n;=| (-3)(8)-(8)(-3)
(8)(-6) - (6)(8)
n, = —36i —96k
The vector equation of the line:
0 -36
r=|-2 |+t 0
4 -96
X =-36t
y=-2
z=4-96t
X z-4
36 6T

SE Production Limited

(A1) for correct values

(M1) for valid approach

(A1) for substitution

Al

Al
[5]

(A1) for correct values
(M1) for valid approach

Al

Al

Al
[5]



12.

(@)

(i)

2,8
x2ﬂ+6y:x3e X
dx
dy 6 x2+2
i y=xe
dx x2y

The integrating factor

X
d( -° 2
—| ye * |=xe

6
ye * :jxexzdx
Let u=x°.
du

—=2x:>1du=xdx
dx 2

ye_g = _[e” %du

yefg :%je“du

6
!
ex==e"+C
¢ 2
_ l @2
e*=—¢ +C
y 2
ye—;_eX2+C
2
LI
_ex(e" +C)
2
S
e’ _el(e’ +C)
2 2
e’ e’ +Ce’
2 2
Ce®=0
C=0

SE Production Limited

(A1) for correct approach

(M1) for valid approach
Al

(M1) for valid approach

(A1) for correct approach

(M1) for substitution

(A1) for correct working

Al

Al

(M1) for substitution

10



X,y =X, +0.1

(b) (I) yn+l = yn + Old_y
dx

(¥a: ¥n)
;

e
X =1Y, :E

X =1+0.1
x =11

y, =——0.2¢’

, %
' 10

(i) 234355461

11
()  234355461< %

SE Production Limited

Al

Al

[12]

M1

Al

M1Al

AG

A2
[6]

R1

[1]

11



AA HL Practice Set 4 Paper 3 Solution

(b)

a2

=sin—| sin = +sinz
4( 2 ]

=(sin%) (1+0)

. T
=sin—
4

0] cos(X—Yy)—cos(Xx+Y)
=COSXCOSYy+Sinxsiny
—(cos xcos y —sin xsin y)
=2sinxsiny

A+B B-A
and y=——-.

(i) Let x= >

cos(X—Yy)—cos(X+Y)

A+B B-A
=CO0S -
2 2
A+B B-A
—CO0s +
2 2

2A 2B
=C0S— —C0S—
2 2

=cos A—cosB
A+B

..cos A—cos B =2sin 5 sin

SE Production Limited

(M1) for substitution

Al

Al
[3]

A2

AG

Al

M1

AG
[4]



a4

.l . © . 1T . 3T .
=sSIn—| SIN—+SIN—+SIn—+SIN 7 Al
8( 4 2 4 j
.. T . T .. T . T
=SIn—SIn—+SIN —SIn —
8 4 8 2

. .3t . 7T
+SIN—SINn—+4+SIN—SIN
8 4 8

1 T T T T
+—| COS| ——— |—COS| —+— M1A1
2( (8 2j (8 2)]

[ ﬂj 3T [ 3ﬂj 5r
CcCOoS|{ —— [—COS—+C0OS| —— [—CO0S—
8 8 8

1 8
2 ( 5%) Tz
+COS| —— |—CO0S—
8 8
T 3 3z 57
1 COS§—COS?+COS?—COS?
=— Al
2 1

57
+C0S— —COS—
8 8

1 T 1
==| COS— —C0S —
2 8 8
T I T
1 et e o Ta
== 25in8 8 sin 8 8 Al
2 2
. T .
=sin—=sin —
2
:sing—” Al
8

[6]

SE Production Limited



_yl cos(i—r—ﬁ]—cos(£+r—”j M1A1
=2 2n n 2n n
51 (7[ 2r7zj [7[ 2I’7z)

=>» =|COS| ———— |—COS| — +——
o 2 2n  2n 2n  2n

1 coS (1—2!’)7{_(:0S (1+2r)7rJ M1
o 2 2n 2n

cos Q-20))~ _cos @+20)~
2n 2n
@-22)~ _cos @+22)x
2n 2n
(1-2n)z — cos (1+2n)x
2n 2n

( 7[) 3r ( 37[) S5z
CcoS| —— [—COS—+CO0S| —— |—C0S—

= +CO0S

+++++COS

2n 2n 2n

A-2n)rz cos @+2n)x
2n 2n

+-+++COS

T 3z 3z 5r
COS— —C0OS—+C0S— —C0S —

_ 1 2n 2n 2n 2n Al

2 @2n-Yx @+2n)x

4. 4+C00S—— —Cc0S ~——

2n 2n

:1 cosi—cosw M1

2 2n 2n

o Q+2nz  (Q+2n)zr 7w

2n 2n 2n 2n Al
2 2

sin

:1 2sin
2

. (2+2n)zr . 2nz
=SIn Sin

4n 4n
Q+mz . 7
2

=sin~——~2—sin
2n

- F(n)=sin AG

@+nz
n

[6]
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=

( o . 27er “
=|| COS—+ISInN— | —
n n

(€)

= cosﬂﬂsinﬂ—l‘ (M1) for valid approach
n n
2
=\/[cosﬂ—lj +sin2ﬂ
n n
=\/COSZE—2COSE+1+SM2E M1
n n n

- /2—2cosﬂ
n
:\/2—2(1—25in27[—r) Al
n
= /4sin2”—r
n

=2$in7T—r
n
1<sin® <1 R1
n
-z —qu Al

[5]

SE Production Limited



)  G(n

z'—q
r=1
n
. 7r
==§:25n1——
r=1 n
n
. w . nr
2§:$n447$n447
__r=1 2n n

. T
sin—
2n

_2F(n)
h . T
sin—
2n

2sin @+n)rz

T
2C0S—

SE Production Limited

M1

Al

Al

M1

Al

[5]



(ii) 1)
=ijsinxdx
Let & =cosx.
d_‘9=_sinx:>(—1)d—0=sinx
dx dx
S 1@
= ["x-D

d(cos X) dx

B R d(=x)
=[-xcos x]0 —IO cosx-de

T V4

—XCO0S x — IO cos X - (=1)dx
P V4

=[-xcos x] + L cos xdx

X COS x] +[sin x]”

X COS X +5in x]

=[-

=[-

= (—zcosz+sinz)—(0+sin0)
T

() @  1n+2)

:_[ Xsin
0

n+2

Xdx
4 =.n =2
:jo xsin" xsin® xdx
:_[O xsin" x(1—cos’ x)dx
7 | 7 | 2
:_[0 Xsin xdx—_[O Xsin" x cos® xdx

=1(n) —_[O” xsin" x cos® xdx

SE Production Limited

M1

Al

AG

(M1) for valid approach

Al

Al

Al

Al

M1

Al

AG

[7]



(ii) j: xsin" x cos® xdx

1 = d(sin"*x)
=——| xcosx-——
n+1-o dx

dx

; T
[xcos xsin™! x]o

n+l —_[Oﬂsinn+1 X_—d(x;os %) i
X

. V4

1 [x cos xsin™* x]o

=— Al
7= on+l H

—J'O sin™™ x(cos x — xsin x)dx

) T

1 [xcosxsm“*lx]

0

s . .

—IO (sin™*! x cos x — xsin™*? x)dx
} b
1 [xcosxsm””x]O
=— M1

T
—IO sin™* xcos xdx + 1 (n+2)

1 |(mcoszsin™ z-0)
T M1
n+1 —J'O sin™ xcos xdx + I (n +2)

— i{—rsin“+1 xcos xdx + I (n+ 2)}
n+1( Jo

Let u=sinx. (M1) for substitution

du
d—:cosx:>du = C0S xdx
X

X=z=U=sinr=0
X=0=u=sin0=0

_[O xsin" x cos? xdx

1 0 n+l }
=— {1 u"™"du+I(n+2 Al
n+1{ IO ( )

:L(O+I(n+2))
n+1

=il(n+2) Al
n+1

SE Production Limited



(€)

(d)

(iii)

(i)

(ii)

I(n+2)= I(n)—r%rll(n+2)

(n+DI(n+2)=(+1DI(n)—1(n+2)
(n+2)I(n+2)=(n+1)1(n)

|m+a=£f%um

0<sinx<l1for 0<x<r.
Therefore, sin®x<sinx<1, implies that

T - _ -
IO Xsin®"2 x -sin? xdx

T . _ . T . _ )
SIO xsin®"2 x-sin xdeJ‘0 xsin®"2 x -1dx

Thus, 1(2n)<1(2n-1) <1(2n-2) for n>1.

SE Production Limited

Al

M1

AG

M1

M1

Al

M1

M1

Al

Al

R1

AG
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